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A total coloring of a graph G is a coloring of its vertices and edges such that no adjacent 
vertices, edges, and no incident vertices and edges obtain the same color. An interval total 
t-coloring of a graph G is a total coloring of G with colors 1,2, ... ,t such that at least one 
vertex or edge of G is colored by %, i = 1, 2, . . . , t, and the edges incident to each vertex v 
together with v are colored by da(v) + 1 consecutive colors, where da(v) is the degree of 
the vertex v in G. In this paper we investigate some properties of interval total colorings. 
We also determine exact values of the least and the greatest possible number of colors in 
such colorings for some classes of graphs. 
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1. Introduction 



A total coloring of a graph G is a coloring of its vertices and edges such that no adjacent 
vertices, edges, and no incident vertices and edges obtain the same color. The concept of 
total coloring was introduced by V. Vizing [ 22J and independently by M. Behzad [H|. The 
total chromatic number x" {G) is the smallest number of colors needed for total coloring of 
G. In 1965 V. Vizing and M. Behzad conjectured that x" (G) < A(G) + 2 for every graph 
G [__]____], where A(C7) is the maximum degree of a vertex in G. This conjecture became 
known as Total Coloring Conjecture [ 110]. It is known that Total Coloring Conjecture 
holds for cycles, for complete graphs [ 5j, for bipartite graphs, for complete multipartite 
graphs [ [25] , for graphs with a small maximum degree [ [TTJ, [T2J, [TH] [21] , for graphs with 
minimum degree at least §|V(£r)| [[9], and for planar graphs G with A(G) ^ 6 [|6| [TO] [20]. 
M. Rosenfeld [ [T5] and N. Vijayaditya [ 21] independently proved that the total chromatic 
number of graphs G with A(G) = 3 is at most 5. A. Kostochka in [ [TTJ proved that 
the total chromatic number of graphs with A(C7) = 4 is at most 6. Later, also he in [ 
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[12] proved that the total chromatic number of graphs with A(G) = 5 is at most 7. The 
general upper bound for the total chromatic number was obtained by M. Molloy and B. 
Reed [H5], who proved that x" (G) < A(G) + 10 26 for every graph G. The exact value 
of the total chromatic number is known only for paths, cycles, complete and complete 
bipartite graphs [|5], n-dimensional cubes, complete multipartite graphs of odd order [[8], 
outerplanar graphs [[26] and planar graphs G with A(G) > 9 [0 [TUl [131 123] - 

The key concept discussed in a present paper is the following. Given a graph G, we say 
that G is interval total colorable if there is t > 1 for which G has a total coloring with 
colors 1,2, ... ,t such that at least one vertex or edge of G is colored by i, 1,2, ... ,t, and 
the edges incident to each vertex v together with v are colored by dc{v) + 1 consecutive 
colors, where dciy) is the degree of the vertex v in G. 

The concept of interval total coloring [ [161 E] is a new one hi graph coloring, synthe- 
sizing interval colorings [ [TJ [2] and total colorings. The introduced concept is valuable as 
it connects to the problems of constructing a timetable without a "gap" and it extends to 
total colorings of graphs one of the most important notions of classical mathematics - the 
one of continuity. 

In this paper we investigate some properties of interval total colorings of graphs. Also, 
we show that simple cycles, complete graphs, wheels, trees, regular bipartite graphs and 
complete bipartite graphs have interval total colorings. Moreover, we obtain some bounds 
for the least and the greatest possible number of colors in interval total colorings of these 
graphs. 

2. Definitions and preliminary results 

All graphs considered in this work are finite, undirected, and have no loops or multiple 
edges. Let V(G) and E{G) denote the sets of vertices and edges of G, respectively. An 
(a, 6)-biregular bipartite graph G is a bipartite graph G with the vertices in one part 
having degree a and the vertices in the other part having degree b. The degree of a 
vertex v G V{G) is denoted by dc(v), the maximum degree of vertices in G by A(G), the 
diameter of G by diamiG), the chromatic number of G by x{G) an d the edge-chromatic 
number of G by x'(G). A vertex u of a graph G is universal if d G {u) = \V(G)\ — 1. A 
proper edge-coloring of a graph G is a coloring of the edges of G such that no two adjacent 
edges receive the same color. For a total coloring a of a graph G and for any v G V(G), 
define the set S [v, a] as follows: 

S [v, a] = {a(v)} U {a(e) | e is incident to v } 

Let [aj ([a]) denote the greatest (the least) integer < a (> a). For two integers a < b, 
the set {a, a + 1, . . . , b} is denoted by [a, b}. 

An interval t-coloring of a graph G is a proper edge-coloring of G with colors 1,2, ... ,t 
such that at least one edge of G is colored by i, i = l,2,...,t, and the edges incident 
to each vertex v are colored by dc(v) consecutive colors. A graph G is interval colorable 
if there is t > 1 for which G has an interval t-coloring. The set of all interval colorable 
graphs is denoted by 91. For a graph G G OT, the greatest value of t for which G has an 
interval t-coloring is denoted by W (G). 
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An interval total t-coloring of a graph G is a total coloring of G with colors 1,2, ... ,t 
such that at least one vertex or edge of G is colored by i, i = 1,2, ... ,t, and the edges 
incident to each vertex v together with v are colored by dc(v) + 1 consecutive colors. 

For t > 1, let % t denote the set of graphs which have an interval total t-coloring, and 

assume: % — For a graph Gel, the least and the greatest values of t for which 

t>i 

G E % are denoted by w T (G) and W T (G), respectively. Clearly, 

X" (G) < w T (G) < W T (G) < \V{G)\ + \E{G)\ for every graph Gel. 

Terms and concepts that we do not define can be found in [ [2U [25] . 
We will use the following two results. 

Theorem 1 /[/J [1J/. If G is a connected triangle-free graph and GeOl, then 

W{G) < \V(G)\ - I. 

Theorem 2 /TjJ/. IfG is a connected (a, b)-biregular bipartite graph with \ V(G)\ > 2(a+b) 
and G G < Xl, then 

W{G) < \V(G)\ -3. 



3. Some properties of interval total colorings of graphs 

First we prove a simple property of interval total colorings that for any interval total 
coloring of a graph G there is an inverse interval total coloring of the same graph. 

Proposition 3 If a is an interval total t-coloring of a graph G, then a total coloring (3, 
where 

1 ) p( v ) = t + 1 - a(v) for each v E V{G), 

2) /3(e) = t + 1 - ot(e) for each e e E(G), 

is also an interval total t-coloring of a graph G. 

Proof. Clearly, a total coloring /3 contains at least one vertex or edge with color i, 
i = 1,2, ... ,t. Since S[v, a] is an interval for each v G V(G), hence S[v, a] = [a, b]. By 
the definition of the coloring it follows that S[v,/3] = [t + 1 — b, t + 1 — a] for each 
v e V(G). □ 

Next we prove the proposition which implies that in definition of interval total t-coloring, 
the requirement that every color i, i = 1,2, ... ,t, appear in an interval total t-coloring 
isn't necessary in the case of connected graphs. 

Proposition 4 Let a be a total coloring of the connected graph G with colors 1,2, ... ,t 
such that the edges incident to each vertex v G V(G) together with v are colored by dc(v) + l 
consecutive colors, and mm veV {G),e£E(G){ a ( v ), a ( e )} — 1; m & x vev(G),e£E(G){ a ( v )i a ( e )} — 
t. Then a is an interval total t-coloring of G. 
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Proof. For the proof of the proposition it suffices to show that if t > 3, then for color s, 
1 < s < t, there exists at least one vertex or edge of G which is colored by s. We consider 
four possible cases. 

Case 1: there are vertices v,v' G V(G) such that ct(y) = 1, ct(y') = W T (G). 

Since G is connected, there exists a simple path P 1 joining v with v', where 

Pi = (vo, ei, v ± , . . . , Vi-i, ei, v iy . . . , v k -i, e k , v k ), v = v , v k = v' . 

If cx(vi) s, i = 1, 2, . . . , k — 1, and ot(e.j) ^ s, j = 1,2, ... ,k, then there exists an 
index i , 1 < i Q < k, such that ot(e io ) < s and a(e io+ i) > s. Hence, there is an edge of 
G colored by s which is incident to v io . This implies that for any s, 1 < s < t, there is a 
vertex or an edge with color s. 

Case 2: there is a vertex v and there is an edge e' such that ot(v) = 1, a(e') = W T (G). 

Let e' = v'w and P<i be a simple path joining v with v', where 

P2 = (v , ei, v x , . . . , Vi-i, e h Vi,..., v k _ x , e k , v k ), v = v, v k = v'. 

If a(vi) 7^ s, i — 1, 2, . . . , k, and a.{e.j) ^ s, j — 1, 2, . . . , k, then there exists an index i x , 
1 < ii < k, such that a^ejj < s and a(ej 1+ i) > s. Hence, there is an edge of G colored 
by s which is incident to v^. This implies that for any s, 1 < s < t, there is a vertex or 
an edge with color s. 

Case 3: there is an edge e and there is a vertex v' such that a(e) = 1, a(v') = W T (G). 
Let e = uv and P 3 be a simple path joining v with t>', where 

^3 = (v , ei, ui, . . . , e^, Uj, . . . , u fc _i, e fc , v k ), v = v, v k = v'. 

If a(vi) 7^ s, i = 0, 1, . . . , k — 1, and a(ej) 7^ s, j = 1, 2, . . . , k, then there exists an 
index i 2 , 1 < 12 < k, such that a(e i2 ) < s and a(e i2+ i) > s. Hence, there is an edge of 
G colored by s which is incident to Vi 2 . This implies that for any s, 1 < s < t, there is a 
vertex or an edge with color s. 

Case 4: there are edges e,e' G E(G) such that ct(e) = 1, a(e') = W T (G). 

Let e = -uw, e = v'w. Without loss of generality we may assume that a simple path P 4 
joining e with e' joins i> with v', where 

P 4 = ( Uo> ei,vi,..., v^, ei, Vi,..., v k -i, e k , v k ), v = v, v k = v'. 

If a{vi) 7^ s, i — 0, 1, . . . , k, and a(ej) ^ s, j — 1, 2, . . . , k, then there exists an index i 3 , 
1 < i 3 < k, such that a(ej 3 ) < s and a(ei 3+ i) > s. Hence, there is an edge of G colored 
by s which is incident to v i3 . This implies that for any s, 1 < s < t, there is a vertex or 
an edge with color s. □ 

Now we show that there is an intimate connection between interval total colorings of 
graphs and interval edge-colorings of certain bipartite graphs. 

Let G be a simple graph with V(G) = {vi,v 2 , . . . ,v n }. Define an auxiliary graph H as 
follows: 

V{H) = U U W, where 
U = {ui, u 2 ,..., u n }, W = {wi, w 2 ,..., w n } and 
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E(H) = {uiWj,UjWi\ ViVj G E(G), l<i<n,l<j<n}U {u,iWi\ 1 < i < n}. 

Clearly, H is a bipartite graph with \V(H)\ = 2\V(G)\. 

Theorem 5 If a is an interval total t-coloring of the graph G, then there is an interval 
t-coloring (3 of the bipartite graph H . 

Proof. For the proof, we define an edge-coloring f3 of the graph H as follows: 

(1) (3{uiWj) = (3(ujWi) = a{viVj) for every edge V{Vj G E(G), 

(2) f3(uiWi) = a(vi) for i = 1, 2, . . . , n. 

It is easy to see that is an interval t-coloring of the graph H. □ 

This theorem shows that any interval total t-coloring of a graph G can be transform 
into an interval t-coloring of the bipartite graph H. 

Corollary 6 If G is a connected graph and Gel, then 

W T {G) < 2\V(G)\ - 1. 

Proof. Let a be an interval total l / F T (G ! )-coloring of the graph G. By Theorem [5], /3 is 
an interval W / r (G)-coloring of the graph H. Since if is a connected bipartite graph with 
\V(H) \ = 2\V(G)\ and H G % by Theorem d we have 

W T (G) < \V{H)\ - 1 = 2|V(G)| - 1, thus 
W T {G) < 2\V{G)\ - 1. 

□ 

Remark 7 Note that the upper bound in Corollary^ is sharp for simple paths P n , since 
W T (P n ) = 2n — 1 for any n G N. 

Corollary 8 If G is a connected r-regular graph with \ V(G)\ >2r + 2 and GgT, then 

W T {G) < 2\V(G)\-3. 

Proof. Let a be an interval total W / T (G)-coloring of the graph G. By Theorem [51 /3 is an 
interval 14 / T (G ? )-coloring of the graph H. Since H is a connected (r + l)-regular bipartite 
graph with |y(ff)| > 2(2r + 2) and H G 91, by Theorem [2} we have 

W T (G) < \V(H)\ - 3 = 2\V(G)\ - 3, thus 
W T (G) < 2\V{G)\ -3. 



□ 
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Next we derive some upper bounds for W T (G) depending on degrees and diameter of a 
connected graph G. 

Theorem 9 If G is a connected graph and Gel, then 

W T (G) < 1 + max E d G (v), 
PeP veV(P) 

where P is the set of all shortest paths in the graph G. 

Proof. Consider an interval total W r (Cr)-coloring a of G. We distinguish four possible 

cases. 

Case 1: there are vertices v,v' G V(G) such that a(v) = 1, ct(v') = W T (G). 
Let Pi be a shortest path joining v with v', where 

Pi = (vi, ei, v 2 , e 2 , • • • , Vi, e h v i+1 , ...,v k , e k , v k+1 ), vi = v, v k+1 = v'. 

Note that 

"(ei) < 1 + d G (vi), 
a(e 2 ) < a(ei) + d G (v 2 ), 



a(ci) < a(ej_i) + d G (vi), 



a(efc) < a(e fe _i) + d G (u fc ), 
W T (G) = a(u') = a(ufc+i) < a(e k ) + d G (v k+1 ). 

By summing these inequalities, we obtain 

fe+i 

W T (G) < 1 + E do(ui) < 1 + max E <k(v)- 
i=i PeP veV(P) 

Case 2: there is a vertex t> and there is an edge e' such that a(v) = 1, a(e') = W T (Gr). 
Let e' = v'w and P 2 be a shortest path joining v with i/, where 

P2 = (vi, ei, i> 2 , e 2 , . . • , ei, . . . , t> fc , e fc , f 1 = t>, = v'. 

Note that 

«(ei) < 1 + d G (vi), 
a(e 2 ) < a(ei) + d G (v 2 ), 



a(ej) < a(ej_i) + d G (^), 



a(e fc ) < a(e fe _i) + d G (v k ), 
W T (G) = a(e') = a(v k+ iw) < a(e k ) + d G (v k+1 ). 

By summing these inequalities, we obtain 
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W T (G) < 1 + E do(vi) < 1 + max E d G (v). 
i=i PeF vev(P) 

Case 3: there is an edge e and there is a vertex v' such that a(e) = 1, a(V) = W T (G). 
Let e = uv and P3 be a shortest path joining v with t>', where 

P3 = (vi, ei, t> 2 , e 2 , . . • , v h ei, v i+1 , ...,v k , e k , v k+1 ), vi = v, v k+ i = v' . 

Note that 

"(ei) < 1 + d G {vi), 
a(e 2 ) < a(ei) + d G (v 2 ), 



a(ei) < a(ej_i) + d G (vi), 



a(efc) < a(e fc _i) + d G (v fe ), 
W T (G) = a(u') = a(u fc +i) < a(e fc ) + d G (v k+1 ). 

By summing these inequalities, we obtain 

k+1 

W T (G) < 1 + E d G (vi) < 1 + max E 
i=i PeP veV(P) 

Case 4: there are edges e, e' G -E(G) such that a(e) = 1, a(e') = W T (G). 

Let e = uv and e' = t>'u>. Without loss of generality we may assume that a shortest 
path P4 joining e and e' joins v and t>', where 

P 4 = (vi, ei, t> 2 , e 2 , • • • , f i, ej, ...,v k , e k , v k+1 ), vi = v, v k+ i = v' . 

Note that 

"(ei) < 1 + d G (ui), 
a(e 2 ) < a(ei) + d G (t> 2 ), 



a(ei) < a(ei_i) + rf G (^), 



a(efc) < a(e fc _i) + rf G (w fc ), 
W T (G) = a(e') = a(u'ti;) < a(e k ) + d G (v k+1 ). 

By summing these inequalities, we obtain 

k+1 

W T (G) < 1 + E d G (vi) < 1 + max E d G (v). 
i=i PeP t>eV(P) 

□ 

Corollary 10 If G is a connected graph and Gel, then W T (G) < 1 + (diam(G) + 
l)A(G). " 
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Now we give an upper bound on W T (G) for graphs with a unique universal vertex. 

Theorem 11 If G is a graph with a unique universal vertex u and Gel, then W T (G) < 
\V(G)\ + 2k(G), where k(G) = max v€V ( G){v ^ u) d G (v) . 

Proof. Let a be an interval total VF T (Gr)-coloring of the graph G. 

Consider the vertex u. We show that 1 < min S[u, a] < k(G) + 1. 

Suppose, to the contrary, that min S[u, a] > k(G) + 2. Since da(v) < k{G) for any 
v G V(G)(v 7^ u), then mmS[v, a] > 2 for any v G V(G)(v ^ u), which is a contradiction. 

Now, we have 

1 < mm S[u, a] < k(G) + 1, 

hence, 

\V{G)\ < max%a] < \V{G)\ + k{G). 
This implies that maxS[v, a] < \V{G)\ + 2k(G) for any v G V(G)(v ^ u). □ 

In the next theorem we prove that regular bipartite graphs, trees and complete bipartite 
graphs are interval total colorable. 

Theorem 12 The set % contains all regular bipartite graphs, trees and complete bipartite 
graphs. 

Proof. First we prove that if G is an r- regular bipartite graph with bipartition (U,V), 
then G has an interval total (r + 2)-coloring. 

Since G is an r-regular bipartite graph, we have x' (G) = A(G) = r. Let a be a 
proper edge-coloring of G with colors 2, 3, . . . , r + 1. Clearly, S(w, a) = [2, r + 1] for each 
w e V(G). 

Define a total coloring /3 of the graph G as follows: 

1. for any u £ U, let j3(u) = 1; 

2. for any e G E(G), let (5(e) = a(e); 

3. for any v E V, let (3(v) = r + 2. 

It is easy to see that (3 is an interval total (r + 2)-coloring of G. 

Next we consider trees. Clearly, Ki is a tree and has an interval total 1-coloring. 
Assume that T is a tree and T ^ K\. Now we prove that T has an interval total 
(A(T) + 2)-coloring. 

We use induction on \E(T)\. Clearly, the statement is true for the case \E(T)\ = 1. 
Suppose that l-E^T)! = k > 1 and the statement is true for all trees T' with \E(T')\ < k. 

Suppose e = uv G E(T) and dxiu) = 1. Let T' = T — u. Since |-E(T)| > 1, we have 
d T {v) > 2. Clearly, d T ,(v) = d T (v) - 1, A(T') < A(T) and \E(T')\ = \E(T)\ - 1 < k. 
Let a be an interval total (A(T') + 2)-coloring of the tree T" (by induction hypothesis). 
Consider the vertex v. Let 



S[v,a] = {s(l),s(2),...,s(d T ,(v) + l)}, 
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where 1 < s(l) < s(2) < . . . < s(dT'{v) + 1) < A(T) + 2. We consider three cases. 
Case 1: s(l) = 1. 

Clearly, s(dy(u) + 1) = d T i(v) + 1 = driy). In this case we color the edge e with color 
dr(v) + 1 and the vertex u with color c/t^) + 2. It is easy to see that the obtained coloring 
is an interval total (A(T) + 2)-coloring of the tree T. 

Case 2: s(l) = 2. 

Subcase 2.1: = 2. 

Clearly, s(d T /(w) + 1) = dxiv) + 1. In this case we color the edge e with color dr{v) + 2 
and the vertex u with color + 1. It is easy to see that the obtained coloring is an 

interval total (A(T) + 2)-coloring of the tree T. 

Subcase 2.2: a{v) ^ 2 and A(T') = A(T). 

We color the edge e with color 1 and the vertex u with color 2. It is easy to see that 
obtained coloring is an interval total (A(T) + 2)-coloring of the tree T. 
Subcase 2.3: a{y) ^ 2 and A(T') < A(T). 
We define a total coloring ft of the tree T" in the following way: 

1. \/w e V(T") /3(w) = a(tw) + 1; 

2. Ve' E E(T ) (3(e') = a(e') + 1. 

Now we color the edge e with color 2 and the vertex w with color 1. It is not difficult 
to see that the obtained coloring is an interval total (A(T) + 2)-coloring of the tree T. 
Case 3: s(l) > 3. 

We color the edge e with color s(l) — 1 and the vertex it with color s(l) — 2. It is easy 
to see that the obtained coloring is an interval total (A(T) + 2)-coloring of the tree T. 

Finally, we prove that if K mn is a complete bipartite graph, then it has an interval 
total (m + n + l)-coloring. 

Let V(K m>n ) = {ui,u 2 , . . . ,u m ,v 1 ,v 2 , ■ ■ ■ ,v n } and E(K m ^ n ) = {uiVj\ 1 < i < m, 1 < 
J < 

Define a total coloring 7 of the graph K m ^ n as follows: 

1. for i — 1, 2, . . . , m, let 7(uj) = i; 

2. for j = 1, 2, . . . , n, let 7(1^) = m + 1 + j; 

3. for % = 1, 2, . . . , m and j = 1, 2, . . . , n, let j(uiVj) = i + j. 

It is easy to see that 7 is an interval total (m + n + l)-coloring of K m>n . □ 

Corollary 13 If G is an r-regular bipartite graph, then w T (G) < r + 2. 

Corollary 14 If T is a tree, then w T (T) < A(T) + 2. 

Corollary 15 W T (K mjn ) > m + n + 1 for any m, n G N. 

From Corollary [T31 we have that w T (G) < r + 2 for any r-regular bipartite graph G. 
On the other hand, clearly, w T (G) > r + 1. In [dU [TH] it was proved that the problem 
of determining whether x" (G) = r + 1 is ./VP-complete even for cubic bipartite graphs. 
Thus, we can conclude that the verification whether w T (G) = r + 1 for any r-regular 
(r > 3) bipartite graph G is also ./VP-complete. 
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4. Exact values of w T (G) and W T {G) 

In this section we determine the exact values of w T (G) and W T (G) for simple cycles, 
complete graphs and wheels. 

In [ 125] it was proved the following result. 

Theorem 16 For the simple cycle C n , 



Proof. First we prove that C n has either an interval total 3-coloring or an interval total 



Let V(C n ) = {vi,v 2 ■ ■ ■ ,v n } and E{C n ) = {viV i+1 \ 1 < i < n — 1} U {viv n }. We consider 
three cases. 

Case 1: n = 3k (k e N). 

Define a total coloring a of the graph C n as follows: 




Theorem 17 For any n>3, we have 



(1) C n e % 




(3) W T (C n ) 



n + 2. 



4-coloring. 




for i = 1, 2, . . . , n, 




for j = 1, 2, . . . , n — 1, and a(t> ]U n ) = 3. 
Case 2: n ^ 3k (k e N) and n is even. 
Define a total coloring a of the graph C n as follows: 




4, if z = (mod 2), 
1, if i = 1 (mod 2), 



for i = 1, 2, . . . , 



n 
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for j = 1, 2, . . . , n — 1, and a{y \v n ) = 2. 
Case 3: n ^ 3k {k G N) and n is odd. 
Define a total coloring a of the graph C n as follows: 

(mod 2), i ^ n- 1, 

1 (mod 2), i ^ n, 
n — 1, 

n, 

for z = 1, 2, . . . , n, 

r 2, if j = (mod 2), Ti-l, 
a (%%+i) = < 3, if j = 1 (mod 2), 
[4, if 3= n-l, 

for j = 1, 2, . . . , n — 1, and a{y iv n ) = 2. 

It is easy to check that a is an interval total 3-coloring of the graph C n , when n = 3k, 
and an interval total 4-coloring of the graph C n , when n 7^ 3k. Hence, for any n > 3, 
C n € X and w T (C n ) < 3 if n = 3/c and w T (C n ) < 4 if n 7^ 3/c. On the other hand, 
by Theorem [16l and taking into account that w T {C n ) > x"(C n ), we have w T {C n ) > 3 if 
n = 3k and w r {C n ) > 4 if n 7^ 3/c. Thus, (1) and (2) hold. 

Let us prove (3). 

Now we show that W T (C n ) > n + 2 for any n > 3. For that, we consider two cases. 
Case 1: n is even. 

Define a total coloring (3 of the graph C n as follows: 

1. for i = l,2,...,f, let 

/3(Vi) = 2i - 1, ^(UiVvfi) = 2z 

2. for j = 2 + 1,..., n, let 

/ 9(v i ) = 2(n-j)+4, 

3. for fc = § + 1,. . .,ra- 1, let 

/^TJfcTJfe+l) = 2(71 - fc) + 3, 

and (3(viV n ) = 3. 
Case 2: n is odd. 

Define a total coloring /3 of the graph C n as follows: 

1. for i = 1,2,..., [f] + 1, let 

P{ Vi ) = 27-1, 

2. for j = [§] +2,...,n, let 

P(y j ) = 2(n-j)+4, 




3. for fc = 1,2,..., [§], let 
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0(v k v k+1 ) = 2k, 

4. for /= [§] + 1, ... ,n — 1, let 

P(v lVl+1 ) = 2(n -0 + 3, 

and f3(viv n ) = 3. 

It is not difficult to see that is an interval total (n + 2)-coloring of the graph C n . 
Thus, W T (C n ) > n + 2 for any n > 3. On the other hand, using Corollary [TUl and taking 
into account that diam(C n ) = |_§ J and A(C n ) = 2, it is easy to show that W T (C n ) < n + 2 
for any n > 3. □ 

In [ [5] it was proved the following result. 

Theorem 18 For the complete graph K n , 

n ( u \ — / n ' n ^ s °dd> 

^ i n + 1, if n is even. 

Theorem 19 For any n G N, we have 
(1) K n G %, 



(2) w T (K n ) = 

(3) W T (K n ) = 2n-l. 



n, if n is odd, 
|n, if n is even, 



Proof. Let V(K n ) = u 2 , . . . , v n }. 

First we show that K n has an interval total (2n — l)-coloring for any n G N. For that, 
we define a total coloring a of the graph K n as follows: 

1. for % = 1, 2, . . . , n, let a(t> j) = 2? — 1; 

2. for i = 1, 2, . . . , n and j — 1, 2, . . . , n, where i ^ j, let a(viVj) = i + j — 1. 

It is easy to see that a is an interval total (2n — l)-coloring of the graph K n . This 
proves that K n G T and W T (K n ) > 2n — 1 for any n G N. On the other hand, using 
Corollary [10[ and taking into account that diam(K n ) = 1 and A(K n ) — n— 1, it is simple 
to show that W T (K n ) < 2n — 1 for any n G N. Thus, (1) and (3) hold. 

Let us prove (2). We consider two cases. 

Case 1: n is odd. 

Since K n is a regular graph, by Theorem [T81 we have w T (K n ) = x"(K n ) = n. 

Case 2: n is even. 

Now we show that w T (K n ) < |n. 

Define a total coloring (3 of the graph K n as follows: 

1. for i = l,2,..., |, let 

= i; 

2. for j = | + 1, . . . ,n, let 
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3. for i — 1, 2, . . . , n, j — 1, 2, . . . , n, i < j, i + j is odd, and i + j — 1 < n, let 



4. for « = 1, 2, . . . , n, j — 1, 2, . . . , n, i < j, i + j is odd, and i + j — 1 > n, let 



5. for i = 1, 2, . . . , n, j — 1, 2, . . . , n, i < j, i + j is even, and i + j < n, let 



6. for i — 1, 2, . . . , n, j — 1, 2, . . . , n, i < j, % + j is even, and % + j > n, let 



Let us show that /3 is an interval total |n-coloring of the graph K n . 

Let fj G V(lf n ), where 1 < % < n. 

If i is even, by the definition of j3, we have 



S[v„0] 



U 



n i + (21 - 1) - 1 
2 + 2 



U 



u 



i + (21 - 1) - 1 



U 



n + i 



u 



n i + 21 
2 + — 



u 



u 



-,n 



n + 1, - + n 

1 i 

2 + 1 -2 +n 





n n + i 




2 71 


u 






.2 + 1 '2. 



\ W u 



\{! +! )) u { !+ M : -I)} 



and if i is odd, by the definition of /3, we have 
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S[v it P] = 




This shows that (3 is an interval total |n-coloring of the graph K n . 
Next we prove that w T (K n ) > |n. 

Suppose, to the contrary, that 7 is an interval total w T (K n )-co\ormg of the graph K n , 
where n < w T (K n ) < |n — 1. 

Since w T (K n ) > x"{K n ), by Theorem [T8l we have n + 1 < w T (K n ) < |n — 1. 
Consider the vertices V\, v 2, ■ ■ ■ , v n . It is clear that 

1 < min S[vi, 7] < w T (K n ) — n + 1 for i — 1, 2, . . . , n. 

Hence, {w T (K n ) — n + 1, . . . , n} C S[vi, 7] for i — 1, 2, ... , n. Let us show that none 
of the vertices v\, v 2 , ■ ■ ■ , v n is colored by j, j = w T (K n ) — n + 1, . . . , n. Suppose that 
7(^io) = Jo, jo e {w T {K n ) - n + 1, . . . , n}. Clearly, 7^) ^ j for i = 1, 2, . . . , n and 
i 7^ io. This implies that any vertex Vi, except Vi , is incident to an edge with color j , 
which is a contradiction. The contradiction shows that j(vi) ^ {w T (K n ) — n + 1, . . . , n} 
for i — 1, 2, . . . , n. Hence, 

7(^1) 6 {1, 2, ... , w T (K n ) - n} U {n + 1, . . . , uv(if n )} for 2 = 1, 2, . . . , n. 

On the other hand, since x{Kn) — n , w e have 

|{1, 2, . . . , w T (K n ) - n}\ + \{n + 1, . . . , > n, 

thus w T (K n ) > |n, which is a contradiction. □ 

Theorem 20 For any neN, 

(1) if2n-l<t<4n- 3, then K 2n -i e %, 

(2) i/3n < t < 4n - 1, t/ien fsT 2n e %. 
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Proof. First we prove (1). For that, we transform the interval total (4n — 3)-coloring a of 
the graph K 2n -i constructed in the proof of Theorem [T9"| into an interval total t-coloring 
(3 of the same graph. 

For every v G V(K 2n -i), we set: 

R(v) = ! if 1 - a ^ ~ 

,K > \a(v)-2n+l, if t + 1 < a(v) < An-?,. 

For every e G E(K 2n -i), we set: 

B(p\ = / if 1 - Q ( e ) - *' 

Pl ; \ a(e)-2n+l, if t + 1 < a(e) < 4n - 3. 

It is easy to see that /3 is an interval total t-coloring of the graph K 2n -i- 
Let us prove (2). 

For that, we transform the interval total 3n-coloring j3 of the graph K 2n constructed in 
the proof of Theorem [191 hito an interval total t-coloring 7 of the same graph. 
Define a total coloring 7 of the graph K 2n as follows: 



1. fori = l,2,...,2n, let 



(3(vi)+t-3n, if P(vi)+t-3n<2i-l, 
2i-l, if +t - 3n > 2i - 1; 



2. for i = 1, 2, . . . , 2n - 1, j = 1, 2, . . . , 2n - 1, i ^ j, and i + j - 1 < 2(t - 3n) + 1, let 

7(«<«i) =i + j-l] 

3. for i = 1, 2, . . . , 2n, j = 1, 2, . . . , 2n, i ^ j, and 2(t - 3n) + 1< i + j - 1 < 2n, let 



7W, 



(3(viVj) +t — 3n, if i + j is even, 
(3(viVj), if i + j is odd; 



4. for i = 1,2, ...,2ra, j = 1,2, . . . , 2n, i ^ j, and 2ra < i+j - 1 < 2n + 2(t - 3n) + 1, 
let 

liPiVj) =i + j-l; 

5. for i = 3, 4, . . . , 2n, j = 3, 4, . . . , 2n, z 7^ j, and i + j — 1 > 2n + 2(t — 3n) + 1, let 



j3(viVj) + 1 — 3n, if i + j is even 
j3(viVj), if i + j is odd; 



It can be easily verified that 7 is an interval total t-coloring of the graph K 2n . □ 

Finally, we obtain the exact values of w T (G) and W T (G) for wheels. Recall that a wheel 
W n (n > 4) is defined as follows: 

V{W n ) = {u, v 1 , v 2 ,..., w„_i} and 
E(W n ) = {uvi\ 1 < % < n - 1} U {viV i+ i\ 1 < % < n - 2} U 
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Lemma 21 For any n > 4, we have W n G % and 

/ t t t- s f n + 2, if n = A, 
W ^ = \n, ifn>5. 

Proof. Clearly, = K4, hence, by Theorem [191 we have Wa G X and w T (Wi) = 
w T (K^) = 6. 

Assume that n > 5. 

For the proof of the lemma we construct an interval total n-coloring of the graph W n . 
We consider two cases. 
Case 1: n is even. 

Define a total coloring a of the graph W n as follows: 

1) a{u) = n, a{yi) = 2 and for i — 2, . . . , f — 1, let a (vi) — 2i + 1; 

2) a{yii) = n — 2, a(u« + i) = n — 4, and for j = f + 2, . . . , n — 1, let a(yj) = 2{n — j + 1); 

3) for k = 1,2,..., 2, let 

a (wf A;) = 2/c — 1; 

4) for/ = f + l,...,n-l, let 

a (wfi) = 2(n — I); 

5) for p = 1, . . . , § - 1, let 

a (fptv+i) = 2(p + 1) and a (v%vn +1 ) = n - 3; 

6) for g = f + l,...,n-2, let 

a (v q v q+ i) = 2{n — q) + 1 and a = 3. 

Case 2: n is odd. 

Define a total coloring /3 of the graph W n as follows: 

1) p( u ) = n , p(v x ) = 2 and for i = 2, . . . , [f J - 1, let /3 = 2i + 1; 

2) 0(v L »j) = 7i-4, /% fl ) = n-2 and for j = [f] +1, . . . ,n-l, let /3( Vj ) = 2(n-j + l); 

3) for k = 1,2,..., LfJ, let 

(uv k ) = 2k - 1; 

4) for Z= [§],..., 71 -1, let 

/9(w,) =2(n-Z); 

5) for p = 1, . . . , LfJ - 1, let 

P (v p v p+1 ) = 2(p + 1) and p (v^^nA = n - 3; 

6) for q = [f ],..., n - 2, let 

/3 = 2(n - 5) + 1 and /3 (t> iw n _i) = 3. 
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It is not difficult to check that a is an interval total n-coloring of the graph W n , when n is 
even, and /3 is an interval total n-coloring of the graph W n , when n is odd. Hence, W n G X. 
On the other hand, clearly, w T (W n ) > x"(W n ) = A(W n ) + 1 = n, thus w T (W n ) — n. □ 

Lemma 22 For any n> 5, we have W n G X n+ i fl T n+2 . 

Proof. First we show that W n G T n+2 for any n > 5. 
Define a total coloring ct of the graph W n as follows: 

1) a(u) = 1, a(fi) = 3, a(iip]) = n — 1 and for i — 2, . . . , |~|] — 1, let a (vi) = 2(i + 1); 

2) for j = [|] + 1, . . . , n - 1, let a(vj) = 2(n - j) + 3; 

3) for k = 1,2,..., Lf J, let 

a (uvk) = 2k; 

4) for I = LfJ + l,...,n- 1, let 

a (wf/) = 2(n — Z) + 1; 

5) forp=l,...,L^J,let 

a (Vp+i) = 2p + 3; 

6) for g= L^J +l,...,n-2 

a (v q v q +i) = 2(n — q + 1) and a (wiw n _i) = 4. 

It is easily seen that a is an interval total (n + 2)-coloring of the graph W n . 
Now we show that W n G T n +i for any n > 5. 
Define a total coloring j3 of the graph W n as follows: 

1) for G ^(W n ), let = a(v); 

2) for Ve G S(W n ), let 

/3(e) = / a<K6 ^ if " ( ' e ' ) ^ n + 2 ' 
|^ n — 2, otherwise. 

It is easily seen that (5 is an interval total (n + l)-coloring of the graph W n . □ 

Lemma 23 For any n > 4, we have W T (W n ) > n + 3. 

Proof. Clearly, for the proof of the lemma it suffices to construct an interval total (n+3)- 
coloring of the graph W n for n > 4. We consider two cases. 
Case 1: n is even. 

Define a total coloring a of the graph W n as follows: 

1) for i = 1, 2, . . . , f + 1, let a = 2i - 1; 

2) for j = f + 2, . . . , n - 1, let a{vj) = 2(n - j + 1); 

3) for jfe = 1,2,..., f, let 

a (wfcWfc+i) = 2k; 



4) for / = f + l,...,n-2, let 
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a (vivi+i) = 2(n — I) + 1 and a (viv n -i) = 3; 

5) for p = 2, . . . , f , let 

a (uv p ) = 2p + 1 and a (uvi) = 4; 

6) for q — | + 1, . . . , n — 1, let 

a (uv q ) = 2(n — q + 2) and a(u) = n + 3. 

Case 2: n is odd. 

Define a total coloring /3 of the graph W n as follows: 

1) for % = 1, 2, . . . , |J J , let = 2i - 1, /3 = 2*; 

2) for j = [f 1 , . . . , n - 1, let = 2(n - j + 1); 

3) for k = [§],..., n- 2, let 

/3 (wfeWfe+i) = 2(n - A;) + 1 and /3 (vif n _i) = 3; 

4) forp = 2,3,...,[fl,let 

(3 (uv p ) = 2p + 1 and /3 (uvi) = 4; 

5) for q= [f] + l,...,n-l, let 

/3 (uv q ) = 2(n - g + 2) and = n + 3. 

It is not difficult to check that a is an interval total (n + 3)-coloring of the graph W n , 
when n is even, and j3 is an interval total (n + 3)-coloring of the graph W n , when n is 
odd. □ 

Remark 24 Easy analysis shows that if A < n < 8, i/ien W T (W n ) = n + 3. 
Lemma 25 For any n >9, we have W T (W n ) > n + 4. 

Proof. Clearly, for the proof of the lemma it suffices to construct an interval total (n+4)- 
coloring of the graph W n for n > 9. We consider two cases. 
Case 1: n is even. 

Define a total coloring ct of the graph as follows: 

1) a(u) = 7, a(vi) = 1, a(f 2 ) = 6, a(v 3 ) = 8 and for i — 4, . . . , | — 2, let ct (f j) = 2? + 1; 

2) a(u»_i) = n + 2, = n + 4 and for j = | + 1, . . . , n - 2, let = 2(n - j), 
a(t> n -i) = 3; 

3) a(uvi) = 3, o;(-uf2) = 5 and for k — 3, . . . , | — 1, let 

a (wf fc) = 2/c + 3; 

4) for I = f,...,n- 1, let 

a (uvi) = 2(n — I + 1); 

5) a(i>ii>2) = 4, a(f2f3) = 7 and for p — 3, . . . , | — 2, let 

a (W+i) = 2(j» + 2); 
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6) for q = |-l,...,n-2, let 

a (v g v q+ i) = 2{n — q) + 1 and a (fiU n -i) = 2. 

Case 2: n is odd. 

Define a total coloring /3 of the graph W n as follows: 

1) P(u) = 7, = 1, /9(v 2 ) = 6, P(y 3 ) = 8 and for % = 4, . . . , [f J -1, let (3 (v t ) = 2i+l; 

2) /% f j ) = 7i + 4, /% fl ) = n + 2 and for j = [f ] + 1, . . . , n - 2, let P( Vj ) = 2(n-j), 
P{v n -i) = 3; 

3) /3(uvi) = 3, (3(uv 2 ) = 5 and for A; = 3, . . . , |_f J, let 

P (uv k ) = 2k + 3; 

4) for I = [§],..., n- 1, let 

^(u«,) = 2(n-Z + l); 

5) /3(^ 2 ) = 4, /3(v 2 t;3) = 7 and for p = 3, . . . , LfJ , let 

0{v p v p+1 ) = 2{p + 2); 

6) for q= [|],...,n-2, let 

/3 = 2(n - q) + 1 and /3 (v i^„-i) = 2. 

It is easy to check that a is an interval total (n + 4)-coloring of the graph W n , when n 
is even, and (3 is an interval total (n + 4)-coloring of the graph W n , when n is odd. □ 

Lemma 26 For any n > 4, we /iai>e W T (W n ) < n + 4. 

Proof. First, by Theorem [TT| we have W T (W n ) < n + 6 for any n > 4. 
Next we prove that W n ^ Tn+5- 

Suppose, to the contrary, that a is an interval total (n + 5)-coloring of the graph W n 
for n > 4. 

Consider the vertex it. Clearly, 

1 < min S[u, a] < 6, 

hence 

n < max S[u, a] < n + 5. 

Proposition [3] implies that the following three cases are possible: 

1) S[u, a] = [6, n + 5]; 

2) %,a] = [5,n + 4]; 

3) = [4,n + 3]. 

Case 1: 5 [it, a] = [6, n + 5] or £>[«, a] = [5, n + 4]. 

Clearly, a(wj) > 5 for z = 1, . . . , n — 1. This implies that min S^, a] > 2 for i = 
1, . . . , n — 1, which is a contradiction. 



20 P. A. Petrosyan, A.Yu. Torosyan, N.A. Khachatryan 




Figure 1. 



Case 2: S[u,a] = [4,n + 3]. 

First we show that a(u) ^ 4. Suppose that a{u) = 4. This implies that a{uv i) > 5 for 
i — 1, . . . ,n — 1, which is a contradiction. 

Let e = m>i and a(e) = 4. Note that a(vi) = 1. 

Without loss of generality, we may assume that a(t> it> 2 ) = 2, a(viv n -i) = 3, o;(-uf2) = 5, 
a(uv n -i) = 6, and there is a vertex t> fc such that either a(vk) = n + 5 or = n + 5 

(see Fig. 1). 

Let us consider simple paths 

Pi = (vi, viv 2 , v 2 ,...,v k , v k v k+1 , v k+ i) and 

Pi = (v n -l,V n -lV n -2, Vn-2, • • • , Vk+1, V k+ lV k , V k ), 

where 1 < k < n — 2. 
Let us show that 

1) a(vi) — 2i — 1, a(viV i+ i) = 2i, a(uvi) — 2i + 1, 

2) a(v n+ i_j) = 2i, a(w n _jt;„ + i_i) = 2i + 1, a(wt;„ + i_i) = 2(i + 1), 
for i = 2, . . . , k. 

We use induction on i. For i = 2, it suffices to prove that a{v2) = 3, a(w2f3) = 4, 
a(w n _i) = 4, a(v n - 2 v n -i) = 5. 
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Consider the vertex v 2 . Since a{y \v 2 ) = 2 and a{uv 2 ) = 5, we have min S[v2, a] = 2 and 
ma.xS[v 2 ,a] = 5, hence {3,4} C S'^, a]. If we suppose that a{y 2 ) = 4, then a(v 2 v 3 ) = 3 
and m&xS[v 3 ,a] < 7, which contradicts ma.xS[v 3 ,a] > 7. From this we have a(uv 3 ) = 7 
(see Fig. 1). 

Now we consider the vertex i>„_i. Since a(t>it>„-i) = 3 and a(w n _i) = 6, we have 
mmS[v n -i, a] = 3 and max S[v n -i, a] = 6, hence {4,5} C S[v n ^i,a]. If we suppose 
that a(v n _x) = 5, then a(v n -2V n -i) — 4 and max S , [f n _ 2 , a] < 8, which contradicts 
max5'[f n _2, a] > 8 (see Fig. 1). 

Suppose that the statements 1) and 2) are true for all i', 1 < i' < i. We prove that the 
statements 1) and 2) are true for the case that is, a(vi+x) = 2i+l, a{yi + \Vi + 2) = 2i+2, 
a(uv i+ i) = 2i + 3 and a(v n -i) = 2i + 2, a(v n -i-iv n ^j) = 2i + 3, a(w n _i) = 2% + 4. From 
the induction hypothesis we have: 

1') a (vj) = 2] - 1, a(vjV j+ x) = 2j, a(uVj) = 2j + 1, 

2') a(v n+1 „j) = 2j, a(u n _ i u n+1 _ J -) = 2j + 1, a(wu n+ i_ i ) = 2(j + 1), 
for j = 2, . . . ,i. 

1') and 2') implies that a(m>j + i) = 2i + 3 and a(w n _j) = 2z + 4. 

Consider the vertex t> i+1 . Since a(t>jt>j +1 ) = 2z and a(uv i+ i) = 2% + 3, we have 
min 5[f a] = 2% and max5[%i,a] = 2z + 3, hence {2i + l,2i + 2} C Sffj+i,*^]. 
If we suppose that a(f = 2i + 2, then a(f i+ iv i+2 ) — 2i + l and max S[v i+2 , a] < 2i + 5, 
which contradicts maxS'[fj + 2, a] > 2i + 5. From this we have a(uVi +2 ) = 2i + 5 (see Fig. 



Next we consider the vertex v n _i. Since a(u Tl+ i_jU n _ i ) = 2z+l and a(m> n _j) = 2i+4, we 
have min S[v n -i, a] — 2i + l and max S[v n -i, a] = 2i + 4, hence {2i + 2, 2i + 3} C S'[u n _j, a]. 
If we suppose that a(u n _j) = 2z + 3, then a(f n _j_if„_j) = 2z + 2 and max 5'[f ri _ i _i, a] < 
2% + 6, which contradicts maxS'[t> n _j_i, a] > 2i + 6 (see Fig. 1). 

By 1'), we have k > f + 2. 

By 2'), we have fc < f - 1. 

It is easy to see that does not exist such an index k, which satisfy the aforementioned 
inequalities. This completes the prove of the case 2. 

Similarly, it can be shown that W n 1 n +e, hence Wr(W'n) < n + 4 for any n > 4. □ 

From Lemmas I2TH261 and Remark l24"t we have the following result: 

Theorem 27 For n > 4, we have 



I)- 



(l) W n e % 





(4) ifw T (W n ) < t < W T (W n ), then W n e%. 
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